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Abstract 

Using parametrized curves (Section 1) or parametrized sheets (Sec- 
tion 3), and suitable metrics, we treat the jet bundle of order one as 
a semi-Riemann manifold. This point of view allows the description 
of solutions of DEs as pregeodesics (Section 1) and the solutions of 
PDEs as potential maps (Section 3), via Lagrangians of order one 
or via generalized Lorentz world-force laws. Implicitly, we solved a 
problem rised first by Poincare: find a suitable geometric structure 
that converts the trajectories of a given vector field into geodesies (see 
also [6] - [11]). Section 2 and Section 3 realize the passage from the 
Lagrangian dynamics to the covariant Hamilton equations. 
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1 Solutions of DEs as pregeodesics 

Unless specifically denied, all manifolds, all objects on them, and all maps 
from one manifold into another will be C°°; however, we sometimes redun- 
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dantly write " a C°° manifold" , and so on, for emphasis. 

Let (T = R, h) and (M, g) be semi-Riemann manifolds of dimensions 1 
and n. Hereafter we shall assume that the manifold T is oriented. Latin let- 
ters will be used for indexing the components of geometrical objects attached 
to the manifold M. 

Local coordinates will be written 

t — t 1 , x — (x l ), i — l,...,n, 

and the components of the corresponding metric tensors and Christoffel sym- 
bols will be denoted by hn, gij, G^ k . Indices of distinguished objects 
will be rised and lowered in the usual fashion. 

Let C°°(T, M) = {(/?: T M|y? of class C°°}. For any tp, ip E C°°(T, M), 
we define the equivalence relation <p ~ tp at (to, #o) G T x M by 

x%) = y\h) = 4, ^( to ) = ^ ). 
Using the factorization 

Jtt , X0) (T,M)=C™(T,M)/ ~ 
we introduce the jet bundle of order one 

J\T,M)= (J 4 (hX0) (T,M). 

(t ,x )eTxM 

Denoting by [v](t ,x ) the equivalence class of the map ip, we define the pro- 
jection 

n:j\T,M)^Tx M, n[ip] {t(hXo) = (t , p(t )). 

Suppose that the base T x M is covered by a system of coordinate neigh- 
borhoods (U x V, t a ,x l ). Then we can define the diffeomorphism 



Fuxv ■ k- 1 {U xV)^U xV xR 
( ■ dx i \ 



1-n 
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Consequently J l (T, M) is a differentiable manifold of dimension 1 + n + 
1 • n = 2n + 1. The coordinates on 7r -1 (t7 x V) C J^T, M) will be 

where 

^(Mctcxo)) =* 1 (*o),a;*(M(to,xo)) = ^(x ), J/*(M(to,xo)) = "^"(*o)- 
A local changing of coordinates {t,x l ,y l ) (t,x\y l ) is given by 

ID t - =f(t) , r = sV) , si = g|_^ 

where 

The expression of the Jacobian matrix of the local diffeomorphism (1) shows 
that the jet bundle of order one J l (T, M) is always orientable. 

Let H{ x = 2 hU ~d^ = 2 h ^~d^ = 2 dt 1 ^^' G * k be the com P onents 

/ dx i \ 
of the connections induced by h and g respectively. If [t = t l ,x l ,y l = — — 



dt 



are the coordinates of a point in J X (T, M), then 

5 dx % d 2 x l x dx % j dx j dx k 
Jt~dT = ~dl^~ n ~dt + jk ~dt~dT 

are the components of a distinguished tensor on T x M. Also 

\Si~Jt liy ~dtf' 5x^~dx~* ikV dy^' W. 

{dt, dx\ Sy j = dy j - H{ lV j dt + G j hk y h dx k ) 
are dual frames on J X (T, M), i.e., 



Using these frames, we define on J 1 (T, M) the induced Sasaki-like metric 
S 1 = h u dt ®dt + g i jdx i <g> dr 7 + h 11 g ij 5y i <g) 

The geometry of the manifold (J 1 (T, M), Si) was developed recently in [4]. 

Now we shall generalize the Lorentz world- force law which was initially 
stated [5] for particles in nonquantum relativity. 

Definition. Let F = (F/) and U = (U l ) be C°° distinguished tensors 
on T x M, where uoji = guFj h is skew-symmetric with respect to j and i. 
Let c(t, x) be a C°° real function on T x M. A map tp : T — > M obeys the 
Lorentz- Udri§te World-Force Law with respect to F, U, c iff 

Now we remark that a C°° distinguished tensor field X l (t, x), % — 1, . . . , n 
onTxM defines a family of trajectories as solutions of DEs system of order 
one 

(2) d -^ = X%x(t)). 

The distinguished tensor field X l (t,x) and semi-Riemann metrics h and g 
determine the potential energy 

f:TxM^R, f=±h 11 g ij X i X*. 

The distinguished tensor field (family of trajectories) X 1 on (T x M, h n + g) 
is called: 

1) timelike, if / < 0; 

2) nonspacelike or causal, if / < 0; 

3) nuZZ or lightlike, if / = 0; 

4) spacelike, if / > 0. 
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Let X % be a distinguished tensor field of everywhere constant energy. If 
X 1 (the system (2)) has no critical point on M, then upon rescaling, it may 
be supposed that / G {-1,0, 1}. Generally, £ = {§, G M\X } (U : %) = /, VU G 
T} is the set of critical points of the distinguished tensor field, and this 
rescaling is possible only on T x (M \ £). 

Using the operator (derivative along a solution of (2)) 

5 dx l d 2 x l ! dx l j dx j dx k 
Jt~dt = ~dl r ~ u ~dt + ^HtUt 1 

the Levy-Civita connection D of (R, h) and the Levy-Civita connection V of 
(M,g), we obtain the prolongation (system of DEs of order two) 

where 

f)X i f)X i 
V,X* = ^- + G) k X\ DX* = — - H\ X X\ 

The distinguished tensor field X 1 , the metric g, and the connection V deter- 
mine the external distinguished tensor field 

F/ = V,X* - g ih g kj V h X k , 

which characterizes the helicity of the distinguished tensor field X % . 
The DEs system (3) can be written in the equivalent form 

Now we modify this DEs system into 

or equivalently, 

The system (5) is still a prolongation of the DEs system (2). 
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Theorem. The kinematic system (2) can be prolonged to the second order 
dynamical system (5). 

Corollary. Choosing the metrics h and g such that f e {—1,0, 1} ; then 
the kinematic system (2) can be prolonged to the second order dynamical 
system 

d 2 x i x dx l . dxi dx k _ -dx'J ■ 

We shall show that the dynamical system (5) is in fact an Euler-Lagrange 
system. We identify J 1 (T x M) with its dual via the semi-Riemann metrics 
h and g. 

Theorem. 1) The solutions of the DEs system (5) are the extremals of 
the Lagrangian 

. l -i-i / doc T _„■ \ / doc^ 



2) If Fj l = 0, then the solutions of the DEs system (5) are the extremals 
of the Lagrangian 



3) Both Lagrangians produce the same Hamiltonian 

dx l dxi 



dt dt 

Theorem (Lorentz-Udri§te World-Force Law). 

1) Every solution of DEs system 

is a pregeodesic (potential map) on the semi-Riemann manifold (TxM, h+g). 

2) Every solution of DEs system (5) is a horizontal pregeodesic (potential 
map) on the semi-Riemann- Lagrange manifold 

(TxM,h + g, N(\)j = G) k y k - F 3 \ M^i = -H^). 
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Corollary. Every DE generates a Lagrangian of order one via the asso- 
ciated first order DEs system and suitable metrics on the manifold of inde- 
pendent variable and on the manifold of functions. In this sense the solutions 
of the initial DE are pregeodesics produced by a suitable Lagrangian. 

Proof. Let t G R denote a real variable, usually referred to as the time. 
It may be pointed out that the DE 

. . d n x ( dx d n ~ 1 x\ 

where x is the unknown function, is equivalent to a system (2). For if we set 
x = x 1 , then (6) is equivalent to 

dx 1 9 dx 2 o dx n ~ x 
dt dt dt 

^ = fit, X , X , . . . , X ), 

which is type (2). Therefore, the preceding theory applies. 

2 Hamiltonian approach 

Let (Q,tt) be a symplectic manifold (of even dimension). The Hamiltonian 
vector field X H of the function H e J-{Q) is defined by 

X H _\Vt = dH. 

We generalize this relation as 



X^jfii = yJ\h u \dH, 
using the distinguished objects 

X}j, Qi, H 

and the manifold J X (T, M). For another point of view, see also [11]. 
Theorem. The DEs system 



transfers in J X {T, M) as a Hamilton DEs system with respect to the Hamil- 
tonian 

H = h n g l3 yy - f 
and the non- degenerate distinguished symplectic relative 2-form 



Q, = fix <g> dt 1 , Hi = 9ijdx % A 5y j \J\hu\. 

Proof. Let 

6 = 6 1 ®dt 1 , 9i = g ij y i dx j \J\hn\ 
be the distinguished Liouville relative 1-form on J l (T, M). We find 

fix = -dBt. 

We introduce 

x -x 1 5 x 1 - 6 4. 6ul1 9 



6t' n 5x l dt dy l 

as the distinguished Hamiltonian object associated to the function H. 
The relation 



Xjjj^ = yJ\hu\dH, 

where 

dH = h u g lJ y J 5y i - h 11 g^DX^X 1 dt - h n g ij X j V k X i dx k , 

implies 

Su lj 

gijU Xl by 3 - gij-^-dx 1 = dH. 
Consequently, it appears the PDEs system of Hamilton type 

5u li 



dt 



g hi h n g jk Xi(V h X k ) 



together the condition 

h 11 g ij (DX i )X j = 0. 
Theorem. The DEs system 

dV x dx i dxi dx k _ h k t 

~W - H ^~E + G ^^f ~ 9 9kj{VhX )x j ~dT DX 
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transfers in J X {T, M) as a Hamilton DEs system with respect to the Hamil- 
tonian 

H = h n g l3 yy - f 
and the non- degenerate distinguished symplectic relative 2-form 

Q = fii <g) dt, fii = (g ij dx i A 5y j + ujijdx 1 A dx j + g ij (DX i )dt A dx j )^\h 11 \, 
where 

Wji = ghiFj 1 - 

Proof. Let 



= 6 1 ® dt 1 , 61 = (g ij y i dx j - g^X^x^^Jlhu] 
be the distinguished Liouville relative 1-form on J X {R, M). We find 

fix = -d0i. 

We denote 

v- _ Y l 5 Y l _ h U S ,..11 5 , 9 

x h-X h — X H -h — + u — + 



the distinguished Hamiltonian object of the function H. The relation 



X^jfix = J\h u \dH 



can be written 



giju ll by 3 - gij——dx l + 2uifu u dx> - g i:j {DX l )u 1] dt + /i 11 gij (DX l )dx J = dH, 

(JjL 

where 

d# = -ti x g^DX^Xi dt + h u g ij y j 5y i - h 11 gij X j (V k X l )dx k . 
Via these relations we identify a PDEs system of Hamilton type, 

C M « = 

= g hi h u g jk Xi(V h X k ) + 2g hi u; jh u lj + h ll DX l 
together the condition 

9ij {DX l ){u 1] -h u X j ) = 0. 
9 



3 Solutions of PDEs as Potential Maps 



All manifolds and maps are C°°, unless otherwise stated. 

Let (T, h) and (M, g) be semi-Riemann manifolds of dimensions p and n. 
Hereafter we shall assume that the manifold T is oriented. Greek (Latin) let- 
ters will be used for indexing the components of geometrical objects attached 
to the manifold T (manifold M). 

Local coordinates will be written 

t = (t a ), a = l,...,p 

x = (x l ), i — 1, . . . , n, 

and the components of the corresponding metric tensor and Christoffel sym- 
bols will be denoted by h a/ 3, g^, H^, Indices of tensors or distinguished 
tensors will be rised and lowered in the usual fashion. 

Let C°°(T,M) = {ip : T -> M\ y? of class For any <p,ip e 

C°°(T, M) we define the equivalence relation (p ~ ip at (t ,x ) G T x M, 
by 

x%) = y i (to)=xi %(to) = 
Using the factorization 

J^ Xo) (T,M) = C°°(T,M)/^ 
we introduce the jet bundle of order one 

J\T,M)= (J 4 hX0 (T,M). 

(t ,x )eTxM 

Denoting by [v?](t ,xo) the equivalence class of the map ip, we define the pro- 
jection 

vr : J l (T,M)^Tx M, n[ip] {to , Xo) = (t ,<p(*o)). 

Suppose that the base T x M is covered by a systems of coordinate neigh- 
borhood (U x V, t a ,x l ). Then we can define the diffeomorphism 

Fuxv ■ ir^iU x V) -> U x V x R pn 

I Ox 1 \ 

FuvVp\{t ,xo) = (C^-^o) 1 • 
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Consequently J 1 (T, M) is a differentiable manifold of dimension p+n+pn. 
The coordinates on 7r _1 (i7 x V) C «/ 1 (T, M) will be 

where 

* Q (M(to,x )) = t a (t ),x i (M (t0)Xo) ) = ^(x ),4 (M (to ^ o) ) = ^(*o)- 

A local changing of coordinates (i a , x l , xjj — > (t a ,x*,x^) is given by 

(7) ?* = = *V), 4 = ^7^a4> 

where 

The expression of the Jacobian matrix of the local diffeomorphism (7) shows 
that the jet bundle of order one J l (T, M) is always orientable. 

Let Hfr, Gj k be the components of the connections induced by h and g 
respectively. If (t a ,x l ,x t a ) are the coordinates of a point in J X (T, M), then 

rJ — 177 „i _i_ ni j k 

X a(S - Q t aQ t /3 n a(3 x 1 + ^jk x a x [3 

are the components of a distinguished tensor on T x M. Also 

(J_ _9_ Rl >_d_ J_ _9__ r h k _9_ _d_\ 

\5t a dt a a ^dxy 5x* dxi ikXa dx h J dx^)' 

{dt p , dx j , 5x 3 p = dx> p - H} x x^dt x + G{ k x h pdx k ) 
are dual frames on J l (T, M), i.e., 

*G9=* ^(4)=° 

^ = 0, & = 5{, dx> ' (M 
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Using these frames, we define on J 1 (T, M) the induced Sasaki-like metric 

Si = /i Q/3 <it Q <g> diP + cj^cfo* (g) c&r 7 + h^gijSx^ <g> <5a^. 

The geometry of the manifold J X (T, M) was developed recently in [4]. 

The Lorentz world-force law formulated usually for particles [5] can be 
generalized as follows: 

Definition. Let F a = (Fj l a ) and U a p = (U^a) be C°° distinguished 
tensors on T x M, where Uj ia = ghiFj h a is skew-symmetric with respect to j 
and i. Let c(t, x) be a C°° real function onTxI. A C°° map ip : T — > M 
obeys the Lorentz- Udri§te World-Force Law with respect to F Q , C/ a| g, c iff 

i.e., iff it is a potential map of a suitable geometrical structure. 

Let us show that the solutions of a system of PDEs of order one are 
potential maps in a suitable geometrical structure of the jet bundle of order 
one. For that we remark that any C°° distinguished tensor field X l a (t,x) 
on T x M defines a family of p-dimensional sheets as solutions of the PDEs 
system of order one 

(8) a* =X« (*,*(*)), 

if the complete integrability conditions 

dX i dX' 1 ,■ OX 1 * dX* . 
dtP dxi 13 ~ dt a dxi a 

are satisfied. 

To any distinguished tensor field X l a {t,x) and semi-Riemann metrics h 
and g we associate the potential energy 

f:TxM-+R, f= X -h^g i3 X\Xi. 

The distinguished tensor field X l a (family of p-dimensional sheets) on (T x 
M,h + g) is called: 
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1) timelike, if / < 0; 

2) nonspacelike or causal, if / < 0; 

3) null or lightlike, if / = 0; 

4) spacelike, if / > 0. 

Let £ = {§/€ wM| #2(U, §/) = t,Vt e T} be the set of critical points of 
the system (8). If / = constant, upon rescaling on T x (M \£), it may be 
supposed that / G { — 1,0, 1}. 

The derivative along a solution of (8), 

produce the prolongation (system of PDEs of order two) 

(9) 4/3 = D Xl + (V,-X£)4. 
which can be converted into the prolongation 

(10) K*^ = g ih h^ 9ij {V h Xl)xi + h^F/ a 4 + h^DpXl 
where 

F/ a = VjXi - g ih g kj V h X k a 

is the external distinguished tensor field which characterizes the helicity of 
the distinguished tensor field X l a . 

Theorem. Any solution of PDEs system (8) is a solution of the PDEs 
system (10). 

The first term in the second hand member of the PDEs system (10) is 
(grad f) 1 . Therefore, choosing the metrics h and g such that / G {—1,0, 1}, 
the system (10) reduces to 

(10') = g ih F/ a 4 + h^DpXl 

Theorem. The solutions of PDEs system (10) are the extremals of the 
Lagrangian 



h aP 9iA<-K){4- x i)\f\h\ 



= - h ° W'-;,-V^ + f)yl\h\. 
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If Fj a = 0, then this Lagrangian can be replaced by 



2 yij^a^p 

2) Both Lagrangians produce the same Hamiltonian 

h = - /) M 

Theorem (Lorentz-Udri§te World-Force Law). Every solution of 
the PDEs system (8) is a horizontal potential map of the semi-Riemann- 
Lagrange manifold 

(TxM,h + g, NQ 3 = G) k x k a - F/ a , MQ P = -H^). 

Corollary. Every PDE generates a Lagrangian of order one via the as- 
sociated first order PDEs system and suitable metrics on the manifold of 
independent variables and on the manifold of functions. In this sense the 
solutions of the initial PDE are potential maps produced by a suitable La- 
grangian. 

Proof. Let 

-^-=F(t a ,x,x r ) 

be a PDE of order r, where represent the partial derivatives of x with 

respect to t a , till the order r inclusively, excepting the partial derivative 

r x 

This equation is equivalent to a system (8). 



d(tpy 

Ox 

For the sake of simplicity, we take r = 2. We denote = x a = u a and 
we find the partial derivatives of the functions (x, u a ) using the system 



u% = uP, a ^ (3 



13 — 

■* nr 11 , 



u l = f(t a -, x i uX u)i excepting A = ji — 2. 



We shall find a PDEs system of order one with p{l + p) equations, which is 
of type (8). Therefore, the preceding theory applies. 
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4 Covariant Hamilton Equations 

Recall that on a symplectic manifold (Q, Q) of even dimension q, the Hamil- 
tonian vector field X H of a function H e ^(Q) is defined by 

X H _ltt = dH. 

This relation can be generalized as 

I^J0 Q = \J\h\dH, 

using the distinguished objects Xh, f2, H on J 1 (T', M). For another point of 
view, see also [11]. 

Theorem. The PDEs system 

h^x\, = 9 ih h^g jk (V h Xl)X k p 

transfers in J 1 (T, M) as a covariant Hamilton PDEs system with respect to 
the Hamiltonian 

H = ^9^4 - f 
and the non- degenerate distinguished poly symplectic relative 2-form 

Q = Vt a ® dt a , Q a = gijdx 1 A 5x j a 

Proof. Let 



9 = 9 a ® dt a , 9 a = gijX^dx" 'y\h\ 
be the distinguished Liouville relative 1-form on J X {T,M). It follows 



fi a d9 a . 



We denote by 



5tP' H 5x l dt a dx l a 
the distinguished Hamiltonian object of the function H . Imposing 

x%_\n a = J\h\dH, 
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where 

dH = h a ^g tJ x^x l a - h aP gij (D^Xi,)Xldf - h^gijXftkX^dx" 
we find 

5u aj 

gijU m 5x 3 a - gij—dx 1 = dH. 
Consequently, it appears the Hamilton PDEs system 

5u at 



dt c 



g hi h a "g jk X^V h X k a ) 



together the condition 

h^g^D.X^Xi = 0. 
Theorem. The PDEs system 

h^x^ = gVg kj {V h X^)Xi + h^F/ a x^ + h^DpX^ 

transfers in J 1 (T, M) as a covariant Hamilton PDEs system with respect to 
the Hamiltonian 

H = - / 

and the non- degenerate distinguished polysymplectic relative 2-form 



Q = VL a <g)dt a , fi a = (g ij dx i ASx{+uJi ja dx i Adx> +g ij (DpX t a )dt 13 Adx j )^J\h\. 
Proof. Let 

d = 6 a ®dt a , 6 a = (g i3 x l a dx j - gi] X l a dx j )J\h\ 
be the distinguished Liouville relative 1-form on J X (T, M). It follows 



f2 a d0 a . 



We denote by 



Stf' n 6P 5x l dt a dx l a 
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the distinguished Hamiltonian object of the function H. Imposing 

X«_\n a = ^J\h\dH, 

where 

dH = -h^g^D^X^ + h a/3 gij 48xi - h a/3 g l3 Xj,(V k X l a )dx k , 
we find 

g ij u ai 6xi-g ij —dx i +2u; ija u ai dx j -g ij (D p Xt x )u aj ^ 

Consequently, we obtain the Hamilton PDEs system 
( u ai = h aP x^ 

[ = g hi h aP g jk Xl{V h Xl) + 2g hi u jha u a i + h^DpXi 
together the condition 

g ij (D 1 X i a )(u ai -h af, Xf j ) = 0. 
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